1. Introduction {#sec0001}
===============

On December 8, 2019, a case of unexplained pneumonia was reported in Wuhan. The virus was brought to Hubei province and China by people travelling for Chinese New Year. After the outbreak of new pneumonia, the coronavirus disease was named as COVID-19 by the World Health Organization on February 11, 2020 [@bib0001]. In order to control and stop the spread of COVID-19, Chinese National Health Commission took strict measures to lockdown the Wuhan city and all transportation was suspended to prevent human-to-human contact on February 23, 2020 [@bib0002].

Epidemiological modeling plays a vital role in the early warning and prevention of outbreaks, such as Severe Acute Respiratory Syndrome (SARS-Cov) [@bib0003], Middle East Respiratory Syndrome (MERS-Cov) [@bib0004], Ebola Virus \[[@bib0005], [@bib0006]\], Zika virus \[[@bib0007], [@bib0008]\] and so on. Until now, a lot of researches were performed on COVID-19 [@bib0009], [@bib0010], [@bib0011]. Yang et al. [@bib0010] calculated the basic reproduction number and the death rate by analyzing the data from infected people, and they found that the basic reproduction number was about 3.77 and the mean incubation period was estimated to be 4.75 days. Li et al. [@bib0012] analyzed the data for the first 425 confirmed cases in Wuhan for the purpose of investigating the epidemiologic characteristics of COVID-19. They found that the mean incubation period was 5.2 days (95% confidence interval, 4.1 to 7.0), with the 95th percentile of the distribution at 12.5 days. Zhong et al. [@bib0013] collected data from 1099 patients confirmed with COVID-19 in China. Through data analysis, they found that the median incubation period was 4 days (interquartile range, 2--7). All studies help us better understand the COVID-19 and find the suitable methods to prevent virus and cure individuals.

Researchers mentioned above focused on the clinic characteristics of COVID-19, while others paid attention to modelling and prediction, which could also provide reference for the management of anti-virus. A majority of researchers \[[@bib0001],[@bib0014]\] modelled and reproduced the spread process of virus using the original or modified SIR and SEIR models. Natsuko et al. [@bib0015] estimated the potential number of novel coronavirus cases in Wuhan. From results, there were a total of 1723 cases of COVID-19 with onset of symptoms by 12th January 2020. Based on the susceptible-exposed-infected-removed (SEIR) compartment model, Zhou et al. [@bib0014] found that the basic reproduction number ranged from 2.8 to 3.3 with the help of dataset reported on the People\'s Daily in China. The predicted value fell between 3.2 and 3.9. Xiong et al. [@bib0016] analyzed the infected population and spread trend of COVID-19 under different policy with the help of SEIR model, and they found that the epidemic spreading was dominated by the quarantine rate and starting date of intervention. Ming et al. [@bib0017] explored the effect of COVID-19 on healthcare system using mathematical modelling, and found that if there was no effective intervention, the healthcare system burden would be increased with the increased confirmed cases.

However, few researchers have taken the dynamic transmission rate into consideration because of varied preventable measures by authorities. In reality, after actions taken by authorities, cities are in lockdown and individuals need to stay at home, resulting in the decrease of the transmission rate. In this paper, the spread of COVID-19 is divided into two stages: before and after intervention. Before intervention, the transmission rate is assumed to be a constant since individual, community and government response has not taken into place. After intervention, the transmission rate is reduced dramatically due to the societal actions or measures to reduce and prevent the spread of disease. The transmission rate is assumed to follow the exponential function. In this paper, the original and modified SEIR models are briefly introduced in terms of the transmission rate and removal rate in [Section 2](#sec0002){ref-type="sec"}. In [Section 3](#sec0007){ref-type="sec"}, based on the least square method, the improved model is optimized by considering accumulated number of infected individuals and daily new cases. Then we compare and discuss the performance between the original and modified models. Using the modified model, the spread of COVID-19 in Hubei province, France and USA is predicted and compared. Conclusions are made in the last section.

2. Mathematical method {#sec0002}
======================

2.1. The original SEIR model {#sec0003}
----------------------------

The original SEIR (Susceptible Exposed Infectious Recovered) model is widely used to predict the spread of epidemic disease. *S* is the susceptible individuals, and the susceptible individuals *S* have a probability *β* to enter the exposed class E after they meet individuals with epidemiological virus by close contact. After some days without any obvious features (the incubation period), some exposed individuals *E* have a probability of *α* to show some characteristics of epidemic disease, that is infected individuals. Infected individuals *I* either recover or die, which will be removed from the system. The rate to remove is called γ. The following formula describe the spread process of epidemic disease:$$\begin{array}{l}
{dS/dt = - r\beta IS/N} \\
{dE/dt = r\beta IS/N - \alpha E} \\
{dI/dt = \alpha E - \gamma I} \\
{dR/dt = \gamma I} \\
\end{array}$$where *r* is the average number of contacts per person per day.

2.2. The modified SEIR model {#sec0004}
----------------------------

In the case of COVID-19, individuals *S* enter the exposed class *E* because of exposed individuals *E* and infected individuals *I*. However, the original model does not consider the fact that exposed individuals have an ability to infect susceptible individuals, which is one of the most important factors for epidemic disease spread. In the modified model, the individuals are affected by exposed individuals *E* with a probability of *β~2~* and infected individuals *I* with *β~1~.* $$\begin{array}{l}
{dS/dt = - r_{1}\beta_{1}IS/N - r_{2}\beta_{2}ES/N} \\
{dE/dt = r_{1}\beta IS/N - \alpha E + r_{2}\beta_{2}ES/N} \\
{dI/dt = \alpha E - \gamma I} \\
{dR/dt = \gamma I} \\
\end{array}$$where *r~1~* is the average number of individuals with whom an infected individual is confronted by close contact. *r~2~* is for the exposed individuals.

In order to prevent the spread of epidemiological virus, authorities took various measures, such as to lock down city, to control traffic, to wear facemask, to educate the public on the knowledge of the disease, to require potential patients to stay in hospital or stay at home, and so on. The implemented measures can control and stop the spread of virus and save the life. On the other words, after measures, the transmission rates *β~1~* and *β~2~* begin to decrease. In our model, we assume that the transmission rate following the following formulation:$$\beta\left( t \right) = \left\{ \begin{matrix}
\beta_{0} & {t < \tau} \\
{\beta_{0}e^{- k(t - \tau)}} & {t \geq \tau} \\
\end{matrix} \right.$$where *τ* is the time when the measures are taken to intervene the virus and *k* is a constant value to control the transition rate.

The removal rate in the original model is kept as a constant. However, in reality, as the time progresses, medicine and therapy for curing patients are found, the death rate is reduced gradually. The removal rate will increase with the passage of the time. At the same time, from the data collected, we can find the recovery rate is larger than the death rate. Therefore, the following formulation is proposed to show the relationship between the removal rate *γ*(*t*) and time:$$\gamma\left( t \right) = a*t^{b}$$where a and b are constant values in the model.

2.3. Reproduction number {#sec0005}
------------------------

The basic reproductive number *R~0~* measures the average number of secondary people infected by a primary patient in a pool of mostly susceptible individuals in absence of controlling measures [@bib0018] and it is a parameter to estimate the epidemic spread in a sealed group [@bib0019]. For any initial level of epidemic disease, it is going to disappear from the population in the infected area when *R~0~* is smaller than 1. *R~0~* is larger than 1, which implies that disease is spreading in the population [@bib0020]. There are many ways \[[@bib0021],[@bib0022]\] to calculate the *R~0~* in terms of formula derivation and model fitting. In our model, the basic reproduction number *R~0~* is estimated by the formula of *R~0~* = *β/γ* for the purpose of simplifying the model. Furthermore, because of measures taken by authorities, the basic reproduction number *R~0~* may vary with the passage of the time. By considering transmission rate *β(t)* and removal rate *γ(t)*, the effective reproduction number *R~e~(t)* is estimated by the following formulation:$$R_{e}\left( t \right) = \beta\left( t \right)/\gamma\left( t \right)$$

2.4. Model hypothesis {#sec0006}
---------------------

In order to simplify the model, some hypotheses are made, as shown in [Fig. 1:](#fig0001){ref-type="fig"} 1)The exposed individuals and infected individuals have same probability to infect susceptible individuals, that is *β~1~=β~2~*;2)There is no pedestrian flow between Hubei and outside Hubei, and COVID-19 spreads in the corresponding area;3)Removed individual from the system has no ability to infect others;4)The transmission rate *β* is assumed to follow an exponential function considering the fact that fewer individuals are infected after measures are in placed;5)The removal rate γ is supposed to follow a power exponent function, and the removal rate increases as the time processes due to the better treatment.6)The basic reproduction number *R~0~* changes with the time because of measures taken by authorities. The effective reproduction number is calculated by *R~e~(t)= β(t)/γ(t).* Fig. 1Illustration of the hypotheses.Fig 1

3. Results and discussion {#sec0007}
=========================

The National Health Commission of the People\'s Republic of China published the accumulative number of the confirmed cases and daily new cases on the official website. By the use of R package [@bib0023], we acquired the datasets of Hubei province in respect of accumulative confirmed cases and daily new cases from January 11 to March 19, 2020. For out of Hubei province, the first case was reported on January 20. The data of outside Hubei province in China was obtained from January 20 to March 19, 2020 ([Table 1](#tbl0001){ref-type="table"} ).Table 1Parameters setting up of the models.Table 1ParametersIndicatorsHubei ProvinceOutside Hubei ProvinceInitial total number of individualsN591 million1.34 billionThe number of susceptibleSN -- I -- E -- RN -- I -- E -- RInitial number of exposed individualsE410210Initial number of infected individualsI4121Initial removal individualsR00Daily transmission rate from infected individuals*β~1~*$\beta\left( t \right) = \left\{ \begin{matrix}
\beta_{0} & {t < \tau} \\
{\beta_{0}e^{- k(t - \tau)}} & {t \geq \tau} \\
\end{matrix} \right.$Daily transmission rate from exposed individuals*β~2~*

The interest is shifted to the possible range of parameters in the model. First of all, the number of infected patients is needed to be confirmed. According to datasets from the National Health Commission of China and reports by the Health Commission of Hubei province, the number of infected people was 41 in Hubei province and the first day was set up as January 11. For the data out of Hubei province, January 20 is set up as the first day. Furthermore, the number of infected individuals on the first day is 21. For the initial exposed individuals, it is difficult to estimate the number of exposed individuals due to medical techniques. Some researchers thought that the rate (infected: exposed) is about 13%. According to the experience, the rate is set to be 10%. Initial exposed number of Hubei province is therefore set to be 210 and it is equal to 410 for outside Hubei province. No individual recovers from the disease on the first day. All initial removal individuals are therefore set to be zero. There is no way or method to define the average number of individuals who an infected individual meets, so *r~1~* is set to be a value ranging from 0 to 10 according to the value used in SARS. The exposed individuals have a big opportunity to meet others by close contact because of the incubation period, *r~2~* is set to be within \[0, 35\]. At last, the transmission rate from the exposed individuals to infected individuals α is set from 0 to 0.6. In addition, with the help of the least square method, other unknown parameters are optimized to fit the real data, which is shown in [Table 2](#tbl0002){ref-type="table"} .Table 2Estimation of model parameters by use of datasets from website.Table 2ParametersIndicatorsRangeHubei ProvinceOutside Hubei ProvinceAverage number of contacts per infected individual per dayr~1~\[0,10\]4.10E-131.45E-11Average number of contacts per exposed individual per dayr~2~\[0,35\]2024Transmission rate from exposed individuals to infected individualsα\[0,0.06\]0.530.400Transmission rate without measures*β~0~*\[0,0.05\]0.0330.030The time when measures are taken*τ*--134A constant value to control the transition rate.k\[0,0.2\]0.0140.059Constant value for removal rate *γ*(*t*)*a*\[0,0.01\]0.0060.006Constant value for removal rate *γ*(*t*)b\[0,0.01\]0.0060.005

Because there is a big difference between Hubei and outside Hubei provinces in respect of control measures, we estimate the accumulated infected individuals and effective reproduction number *R~e~* in terms of Hubei and outside Hubei provinces. Based on the dataset, the model is fitted by simulation. [Figs. 2](#fig0002){ref-type="fig"} and [3](#fig0003){ref-type="fig"} show the fitted and predicted data of Hubei and outside Hubei provinces, respectively. From [Fig. 2](#fig0002){ref-type="fig"}, the spread of epidemiological virus is controlled at the start of March because of fewer new cases in Hubei. It is also found that on January 20, there are fewer infected individuals from [Fig. 3](#fig0003){ref-type="fig"}. Furthermore, the fitted parameters are obtained and shown in [Table 2](#tbl0002){ref-type="table"}. Firstly, the transmission rate without measures *β~0~* is equal to 0.033 and 0.030 for Hubei and outside Hubei provinces. Thus the virus in Hubei has a larger probability to infect other individuals. The same rule is suitable for the transmission rate from the exposed individuals to infected individuals α.Fig. 2Fitted model with dataset of Hubei province by considering accumulated infected individuals and daily new cases.Fig 2Fig. 3Fitted model with dataset of outside Hubei province in respect of accumulated infected individuals and daily new cases.Fig 3

From [Figs. 2](#fig0002){ref-type="fig"} and [3](#fig0003){ref-type="fig"}, accumulated infected individuals and daily new cases can be predicted. Variation of effective reproduction number with time can be obtained. [Fig. 4](#fig0004){ref-type="fig"} shows the effective reproduction number *R~e~* with passage of the time in Hubei and outside Hubei provinces, respectively. From [Fig. 4](#fig0004){ref-type="fig"}, *R~e~* is decreased slightly before January 23 due to the increase of the treatment. Then *R~e~* declines suddenly because authorities implement several control measures and individuals are alerted to prevent epidemiological virus. Measures and treatments result in decreasing effective reproduction number with the passage of the time. [Fig. 4](#fig0004){ref-type="fig"} shows that virus is about to fade way in May in Hubei province. Also from [Fig. 4](#fig0004){ref-type="fig"}, virus outside Hubei province is going to die out earlier due to secondary or third generation of virus.Fig. 4Effective reproduction number (a) Hubei province; (b) Outside Hubei province.Fig 4

The results from the original and modified models are compared in terms of *R~e~*. From [Fig. 4](#fig0004){ref-type="fig"}, *R~e~* from the original model is larger than that from the modified model. *R~e~* is decreased slightly as the time progresses, which cannot perform well because of preventable measures taken by authorities. The daily new cases are compared in Hubei and outside Hubei provinces, respectively. From [Figs. 5](#fig0005){ref-type="fig"} and [6](#fig0006){ref-type="fig"} , it is found that daily new cases by the original model are smaller than those by the modified model at the early period of virus spread. Underestimation in virus contributes to less attention to the virus, which can result in large damage and casualties for any countries and regions.Fig. 5Comparison of daily new cases in Hubei province between the original and modified models.Fig 5Fig. 6Comparison of daily new cases outside Hubei province between the original and modified models.Fig 6

Our model is used to fit the data in France (dataset from [@bib0024]) and USA (dataset from [@bib0025]). The ratio (Daily new cases: accumulated infected individuals) is used to estimate the spreading of COVID-19. The ratio is smaller than 0.1, which means that the virus is under control. In [Fig. 7](#fig0007){ref-type="fig"}, the label (actual infected population) means the number of cases confirmed with COVID-19 in reality. It is found that, in real life, USA performs the worst. From [Fig. 7](#fig0007){ref-type="fig"}, the spread of COVID-19 in Hubei province is under control firstly.Fig. 7(a) Population confirmed with COVID-19 in reality; (b) Comparison of ratios by the modified model (Daily new cases: accumulated infected individuals).Fig 7

4. Conclusion {#sec0008}
=============

In this paper, a modified model is developed to better predict the spread of COVID-19 considering the dynamic change of the control measures and treatment. In our model, the transmission rate *β* is assumed to follow exponential function by considering the fact that fewer individuals are infected after measures to prevent the virus spread. Then the removal rate *γ* is supposed to follow a power exponent function. The removal rate is increased with time because of better cure for disease. Based on real data, we optimize the model parameters using the least square method. Transmission rate without measures *β~0~* is equal to 0.033 and 0.030 for Hubei and outside Hubei. The results from the original and modified models are compared in terms of effective reproduction number *R~e~* and daily new cases. It is found that daily new cases obtained by the original model are smaller than those by the modified model at the starting spread of epidemiological virus. Fewer infected individuals contribute to less attention to the virus, which may result in large damage and casualty. Furthermore, the model is used to evaluate the coronavirus spread of Hubei province, France and USA. USA performs the worst according to the ratios. The model has provided a mathematical method to evaluate the effectiveness of the government response and can be used to forecast the spread of COVID-19 with better performance.
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